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Abstract 

Let 

F: U X ■■■ xU -^K, G: V X ■■■ xV -^K 

be two n-linear forms with n ^ 2 on vector spaces U and V over a 
field K. We say that F and G are symmetrically equivalent if there 
exist linear bijections ipi, . . . ,ipn- U ^ V such that 

F{ui, . . . ,Un) = G{(fi^Ui, . . . ,(pi„Un) 

for all ui, ... ,Un G U and each reordering ii, . . . , i„ of 1, . . . , n. The 
forms are said to be congruent ii ipi = ■ ■ ■ = ipn- 

Let F and G be symmetrically equivalent. We prove that 

(i) if IK = C, then F and G are congruent; 

(ii) if K = M, F = Fi e • • • © e 0, G = Gi e • • • e e 0, and 
all summands Fi and Gj are nonzero and direct-sum-indecomposable, 
then s = r and, after a suitable reindexing, Fi is congruent to iGj. 



This is the authors' version of a work that was published in Linear Algebra Appl. 418 
(2006) 751-762. 
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1 Introduction 

Two matrices A and B over a field K are called congruent if A = S^BS 
for some nonsingular S. Two matrix pairs {Ai,Bi) and {A2,B2) are called 
equivalent if Ai = RA2S and Bi = RB2S for some nonsingular R and S. 
Clearly, if A and B are congruent, then {A, A^) and {B, B^) are equivalent. 
Quite unexpectedly, the inverse statement holds for complex matrices too: if 
(A, Al'^) and B'^) are equivalent, then A and B are congruent [U Chapter 
VI, $3, Theorem 3]. This statement was extended in [5l [6] to arbitrary 
systems of linear mappings and bilinear forms. In this article, we extend it 
to multilinear forms. 

A multilinear form (or, more precisely, n-linear form, n ^ 2) on a finite 
dimensional vector space U over a field K is a mapping F : U x ■ ■ ■ x U ^ ^ 
such that 

F{ui, . . . , au[ + bu'l, Mi+i, . . . , Mn) 

= aF(Mi, . . . , M^, . . . , u„) + ...,u'-,...,Un) 
for alH G {1, . . . , n}, a, 6 G K, and Mi, ... , u[, u'-, . . . ,Un & U. 
Definition 1. Let 

F:Ux---xU^K, G:Vx---xV-*K (1) 

be two ra-linear forms. 

(a) F and G are called equivalent if there exist linear bijections cpi, . . . ,ipn'- 
U ^ V such that 

for all ui, . . . ,Un & U. 

(b) F and G are called symmetrically equivalent if there exist linear bi- 
jections ifi, ... ,ipn- U ^ V such that 

F{ui, ...,Un)= G{Lpi^Ui, (pi„Un) (2) 
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for all Ml, . . . , M„ G f/ and each reordering Zi, . . . , of 1, . . . , n. 

(c) F and G are called congruent if there exists a linear bijection (p: U ^ 
V such that 

F{ui, . . . , M„) = G{ipUi, . . . , V2M„.). 

for all Ui, . . . ,Un & U. 

The direct sum of forms ([1]) is the multilinear form 

F ® G: {U ® V) X ■ ■ ■ X {U ® V) ^ K 

defined as follows: 

(F © G')(Ui + 1^1, . . . + Vn) := F{ui, ...,Un)+ G{Vi, ...,Vn) 

for all Ui, . . . ,Un & U and Vi, . . . ,Vn & V . 

We will use the internal definition: ifF: U x ■ ■ ■ xU ^Kisa multilinear 
form, then F = Fi® F2 means that there is a decomposition U = Ui ® 
such that 

(i) . . . , Xn) = as soon as xi G Ui and Xj G U2 for some i and j, 

(ii) Fi = F\Ui and F2 = F|f/2 are the restrictions of F to Ui and ?72. 

A multilinear form F : U x---x[/— >]Kis indecomposable if for each 
decomposition F = Fi©F2 and the corresponding decomposition U = Ui®U2 
we have Ui = Q 01 U2 = 0. 

Our main result is the following theorem. 

Theorem 2. (a) If two multilinear forms over Q are symmetrically equiva- 
lent, then they are congruent. 

(b) // two multilinear forms F and G over M are symmetrically equivalent 
and 

F = Fi © ■ ■ • © F, © 0, G = Gi © ■ ■ ■ © © 

are their decompositions such that all summands Fj and Gj are nonzero and 
indecomposable, then s = r and, after a suitable reindexing, each Fi is con- 
gruent to Gi or —Gi. 

The statement (a) of this theorem is proved in the next section. We 
prove (b) in the end of Section [3] basing on Corollary [11], in which we argue 
that every n-linear form F : U x ■ ■ ■ x U ^ K with n ^ 3 over an arbitrary 
field K decomposes into a direct sum of indecomposable forms uniquely up to 
congruence of summands. Moreover, if F = Fi©- ■ ■©F5©0 is a decomposition 
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in which Fi, . . . , are nonzero and indecomposable, and f/ = f/i © • ■ ■ ©f/g © 
Uq is the corresponding decomposition of U, then the sequence of subspaces 
Ui + Uq, . . . ,Us + Uo,Uo is determined by F uniquely up to permutations of 
Ui + Uo,...,Us + Uo. 

2 Symmetric equivalence and congruence 

In this section, we prove Theorem [2](a) and the following theorem, which is 
a weakened form of Theorem [2]^b). 

Theorem 3. // two multilinear forms F and G over M are symmetrically 
equivalent, then there are decompositions 

F = Fi © F2, G = Gi © G2 

such that Fi is congruent to Gi and F2 is congruent to —G2 ■ 

Its proof is based on two lemmas. 

Lemma 4. (a) Let T he a nonsingular complex matrix having a single eigen- 
value. Then 

Vm G N 3/(x) G C[x] : /(T)™ = T'^ 

(b) Let T he a real matrix whose set of eigenvalues consists of one positive 
real numher or a pair of distinct conjugate complex numhers. Then 

Vm G N 3/(x) G M[x] : /(T)™ = T-\ (3) 

Proof, (a) Let T be a nonsingular complex matrix with a single eigenvalue A. 
Since the matrix T — A/ is nilpotent (this follows from its Jordan canonical 
form) , the substitution of T for x into the Taylor expansion 

= A^™ + f ) X^^^^ix — A) 

\ m J 

gives some matrix 

/(T), f{x) G C[a;], (5) 



4 



satisfying /(T)"^ = T-\ 

(b) Let T be a square real matrix. If it has a single eigenvalue that is a 
positive real number A, then all coefficients in (j4]) are real, so the matrix ([5]) 
satisfies ([3]). 

Let T have only two eigenvalues 



X = a + ib, X = a — ib 



(a,6 G M, b> 0). 



(6) 



It suffices to prove ([3]) for any matrix that is similar to T over M, so we may 
suppose that T is the real Jordan matrix 



T = R'^ 



J 
J 



R 



al + F bl 
-bl al + F 



R 



I -il 
I il 



in which J = AJ+F is a direct sum of Jordan blocks with the same eigenvalue 
A (and so F is a nilpotent upper triangular matrix). 
It suffices to prove that 



Vm G N 3/(x) G R[x] : /(J)™ = 
since such f{x) satisfies ([3]): 

/(T)™ = f{R-\J © J)Rr = R'^f{J © JTR 



J 



-1 



(7) 



= R-\f{JT ® f{J) = R'\J © J)'^)R = T-\ 

The matrix F is nilpotent, so the substitution of J = XI + F into the 
Taylor expansion (jl]) gives some matrix g{J) with g{x) G C[x] satisfying 
giJ)"^ = J~^- Represent g{x) in the form 



9[x) = go{x) +igi{x) 



9o{x),gi{x) G K[x\ 



It suffices to prove that J reduces to il by a finite sequence of polynomial 
substitutions 

J I — > h{J), h{x) G M[x]. 

Indeed, their composite is some polynomial p{x) G M.[x] such that p{J) = il, 
and then f{x) := go{x) + p{x)gi{x) G M[x] satisfies ([7]): 



5 



First, we replace J by 6 ^{J — cil) (see ^) making J = il + F. Next, we 
replace J by 

^ J + ^ J' = ^(2/ + F) + ^{-il -3F + 3iF^ + F^) = il + F', 

where F' := (3zF^ + F^)/2. The degree of nilpotency of F' is less than the 
degree of nilpotency of F; we repeat the last substitution until obtain iL □ 

Definition 5. Let G: \^x---x\/— i>]Kbean n-linear form. We say that a 
linear mapping r: V ^ V is G- self adjoint if 

G{Vi Vi^i, TVi, Vi+i ...,Vn)= G{Vi Vj_i, TVj, Vj+i ...,Vn) 

for all f 1, . . . , f„ G and all i and j. 

If T is G- self adjoint, then for every /(x) G ]K[x] the linear mapping /(r) 
is G-self adjoint too. 

Lemma 6. Let G:Vx---xV—*Kbea multilinear form over a field IK 
and let T : V ^ V be a G-self adjoint linear mapping. If 

V = Vi®---®Vs (8) 

is a decomposition ofV into a direct sum of t -invariant subspaces such that 
the restrictions T\Vi and T\Vj of t to Vi and Vj have no common eigenvalues 
for all i 7^ j , then 

G = Gi®---(BGs, G^:=G\Vi. (9) 

Proof. It suffices to consider the case s = 2. To simplify the formulas, we 
assume that G is a bilinear form. Choose vi G Vi and f 2 G V2, we must prove 
that G{vi,V2) = G{v2,vi) = 0. 

Let f{x) be the minimal polynomial of r|V2. Since r|Vi and r|V2 have no 
common eigenvalues, /(r|Vi) : Vi — > Vi is a bijection, so there exists v[ G Vi 
such that Vi = f{T)v[. Since r is G-selfadjoint, /(r) is G-selfadjoint too, and 
so 

G{vi,V2) = G{f{r)v[,V2)=G{v[J{T)v2) 

= GK, f{T\V2)v2) = GK, QV2) = GK, 0) = 0. 

Analogously, G(f 2, f 1) = 0. □ 
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Proof of Theorem\^a). Let n-linear forms ([T]) over K = C be symmetrically 
equivalent; this means that there exist linear bijections <^i,...,y9„: U — >■ 
V satisfying ([2]) for each reordering ii, . . . , i„ of 1, . . . , n. Let us prove by 
induction that F and G are congruent. Assume that := ipi = ■ ■ ■ = (pt for 
some t < n and prove that there exist linear bijections 

-01 = ■ ■ • = = 1pt+l,1pt+2, ■■■,1pn- U 

such that 

F{ui, ...,Un)= Gitpi^Ui, 1pi„Un) (lO) 

for all Ml, . . . , M„ G t/ and each reordering ii, . . . , of 1, . . . , n. 

By ([2]) and since cpi, . . . ,ipn are bijections, for every pair of distinct indices 
i,j and for all Ui, Uj G U and fi, . . . , Vi-i, fj+i, . . . , fj-i, ^^i+i, . . . , fn G we 
have 

. . . , V?Mj, fi+l, • • • , Vj_i, ipt+lUj, Vj+i, . . . , f„) 

= G{Vi, Vi_i, (ft+lUi, Vi+i, Vj_i, (fUj, Vj+i, ...,Vn). (11) 

Denote Vi := ipt+iUi and Vj := ipt+iUj. Then (fTT!) takes the form 

G(. . . , . . . , Wj, . . . ) = . . , Mi, . . . , ¥?¥?r+iMj, . . . ); 

this means that the linear mapping r := ^'^t+i '■ V ^ V is G-selfadjoint. 

Let Ai, . . . , As be all distinct eigenvalues of r and let ([H]) be the decom- 
position of V into the direct sum of r-invariant subspaces such that every 
Tj := T\Vi has a single eigenvalue A,. Lemma [6] ensures ([9]). For every 
fi{x) G C[x], the linear mapping fiir-i): — > is Gj-selfadjoint. Using 
Lemma m^a), we take fi{x) such that fi{TiY^^ = t~^. Then 

p:=fi{n)(B---®fs{rs):V-^V 

is G-self adjoint and p*+^ = r^^. 
Define 

Since p is G-self adjoint and 
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we have 



= G{(pUi, ipUt, p*+Vwt+l5 Vt+2Ut+2, <^nUn) 

= G{ipiUi, . . . , (fnUn) = F{ui, . . . , M„). 

So (fTOl) holds for ii = 1, 22 = 2, . . . , i„ = n. The equahty (fTOl) for an arbitrary 
reordering ii, . . . , i„ of 1, . . . , n is proved analogously. □ 

Proof of Theorem O Let n-linear forms ([T]) over K = M be symmetrically 
equivalent; this means that there exist linear bijections (pi, . . . ,ipn: U —>■ V 
satisfying ([2]) for each reordering ii, . . . ,in of 1, . . . , n. Assume that := 
(fi = --- = ipt for some t < n. Just as in the proof of Theorem [2](a), 
T := 'P'Pt+i is G-selfadjoint. Let ([8]) be the decomposition of V into the 
direct sum of r-invariant subspaces such that every Tp := r|V^ has a single 
real eigenvalue \p or a pair of conjugate complex eigenvalues 

and Ap 7^ if p 7^ q. Lemma E] ensures the decomposition 
Define the G-selfadjoint linear bijection 

e = silv, © ■ ■ ■ © Eslvs -.V^V, 

in which = — 1 if Aj is a negative real number, and Ei = 1 otherwise. 
Replacing (pt+i by eipt+i, we obtain r without negative real eigenvalues. But 
the right-hand member of the equality ([2]) may change its sign on some 
subspaces Vp. To preserve ([2]), we also replace (pt+2 with eipt+2 if t + 1 < n 
and replace G = Gi © ■ ■ ■ © Gs (see (E])) with 

eiGi © ■ ■ ■ ©£,G, (13) 

if t + 1 = n. By Lemma Hl^b), for every i there exists fi{x) G M.[x] such that 
/,(r,)*+i = Tr\ Define 

P = /i(ri)©---©/s(r.): V^^l^, 

then p*+^ = T^^. Reasoning as in the proof of Theorem [2]( a), we find that 
(fTOj) with (fT3|l instead of G holds for the linear mappings ffT2|) . □ 
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We say that two systems of n-linear forms 



Fi,...,F,: [/ X ■■■ X t/ -> K, ^1,...,^: V x ■■■ xV 
are equivalent if there exist hnear bijections y^i, . . . , y9„ : U ^ V such that 

Fi{ui, ...,Un)= Gi{(fiUi, fnUn)- 

for each i and for all -Ui, . . . , m„ G U. These systems are said to be congruent 
a ipi = ■■ ■ = ipn. 

For every n-linear form F, we construct the system of n-linear forms 

S{F) = {F''\aeS„}, :=FK(i),..., (14) 

where Sn denotes the set of all substitutions on 1, . . . ,n. 
The next corollary is another form of Theorem a). 

Corollary 7. Two multilinear forms F and G over C are congruent if and 
only if the systems of multilinear forms S{F) and S{G) are equivalent. 

To each substitution a G 5^, we assign some e{a) G {1,-1}. Generalizing 
the notions of symmetric and skew-symmetric bilinear forms, we say that an 
n-linear form F is e-symmetric if F'^ = s{(t)F for all a G Sn- If G is another 
e-symmetric n-linear form, then S{F) and S{G) are equivalent if and only if 
F and G are equivalent. So the next corollary follows from Corollary [71 

Corollary 8. Two e-symmetric multilinear forms over C are equivalent if 
and only if they are congruent. 

3 Direct decompositions 

Every bilinear form over C or M decomposes into a direct sum of indecom- 
posable forms uniquely up to congruence of summands; see the classification 
of bilinear forms in [H [21 [21 E] • In [SI Theorem 2 and §2] this statement was 
extended to all systems of linear mappings and bilinear forms over C or M. 
The next theorem shows that a stronger statement holds for n-linear forms 
with n ^ 3 over all fields. 

Theorem 9. Let F : U x ■ ■ ■ x U —>■ K. be an n-linear form with n ^ 3 over 
a field K. 
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(a) Let F — F' (BO and let F' have no zero direct summands. IfU = U'® 
Uq is the corresponding decomposition of U , then Uq is uniquely determined 
by F and F' is determined up to congruence. 

(b) Let F have no zero direct summands and let F = Fi © ■ • • © 

be its decomposition into a direct sum of indecomposable forms. If U — 
C/i © • • • © C/s is the corresponding decomposition of U , then the sequence 
Ui, . . . ,Us is determined by F uniquely up to permutations. 

Proof, (a) The subspace Uq is uniquely determined by F since Uq is the set 
of aRu e U satisfying 

F{u, Xi,..., Xn-l) = F{xi, U,X2. .., Xn-l) = • • • = F{xi, . .., Xn-l, u) = 

for all xi, . . . , Xn-l G U- 

Let F = F' © = G' © be two decompositions in which F' and G' have 
no zero direct summands, and let U — U'®Uq — V'®Uq be the corresponding 
decompositions of U . Choose bases Ui, . . . , of U' and Vi, . . . ,Vm oiV such 
that Ui — Vi, . . . , Um — bcloug to Uq. Then 

F{ui^,...,Ui^) ^ F{vi„. . . ,ViJ 

for all ii, . . . , in e {1, . . . , m}, and so the linear bijection 

(p: U' > V', Ui^ Vi , . . . , Vm, 

gives the congruence of F' and G'. 

(b) Let F : U X ■ ■ ■ X U ^ K he a.n n-lincar form with n ^ 3 that has no 
zero direct summands, let 

F = Fi © • • • © F, = Gi © • • • © a (15) 

be two decompositions of F into direct sums of indecomposable forms, and 
let 

t/ = [/i © ■ ■ ■ © f/, = 1^1 © • • • © K- (16) 

be the corresponding decompositions of U. 
Put 

di — dim Ui, . . . , ds — dim Ug (17) 

and choose two bases 

Ui,...,UmeUiLI---UUs, Vi,...,VmeViLi---LiVr (18) 
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of the space U with the following ordering of the first basis: 

Ml, ... , Urfj is a basis of f/i, Wdi+i, . . . , Wdi+da is a basis of f/2, .... (19) 

Let C be the transition matrix from ui, . . . , Um to f 1, . . . , fm- Partition it 
into s horizontal and s vertical strips of sizes di, (i2,. . . ids- Since C is non- 
singular, by interchanging its columns (i.e., reindexing fi, . . . , fm) we make 
nonsingular all diagonal blocks. Changing the bases f|T9l) . we make elemen- 
tary transformations within the horizontal strips of C and reduce it to the 
form 



C = 





C12 ■ 


Cls 




C21 


h2 ■ 


C2S 


(20) 


Csl 


Cs2 ■ 


■ hs 





It suffices to prove that mi = f 1, . . . , Mm = Vm-, that is, 

Cp, = if p ^ q. (21) 

Indeed, by ( [T8|) vi E Vp for some p. Since Fi is indecomposable, if lii > 1 
then Ui,U2 G f/i and so 

F(...,Mi,...,M2,...) ^0 or F(...,U2,...,Mi,...) ^0 (22) 

for some elements of U denoted by points. If (1211) holds, then ui = Vi and 
U2 = V2. Since Vi G Vp, ( 1221) ensures that V2 ^ Vg for all q ^ p, and so ^2 G Vp. 
This means that Ui C Vp. Therefore, after a suitable reindexing of Vi, . . . , K 
we obtain f/i C 14, . . . , f/^ C K- By ([16]), r = s and f/i = 14, . . . , f/^ = Vr] 
so the statement (b) follows from fl22|) . 

Let us prove fl2T]) . For each substitution a G 5^, the n-linear form F'^ 
defined in f lT^ can be given by the n-dimensional matrix 

~ [^ij...k]7!j,...,k=ly ^ij...k '■— F'^iUijUj, . . . , Uk) , 

in the basis ui, . . . , Um, or by the n-dimensional matrix 

in the basis t>i, . . . , Vm- Then for all xi, . . . , x„ G U and their coordinate 
vectors [xi] = {xu, . . . , Xmi)'^ in the basis ui, . . . , Um, we have 

m 

F'^(Xi, ...,Xn)= ^ a'^j i,XiiXj2 ■ ■ ■ Xkn- (23) 

i,j,...,k=l 

11 



If C = [cij] is the transition matrix fl2UI) . then 

m 

b1'j'...k'= ^ij-kCii'Cjf-Ckk'- (24) 

i,j,...,k=l 

By ([I5]), a^j = F'^{ui, uj, . . .,Uk) only if all Ui, Uj, . . . ,Uk belong to 
the same space Ui. Hence A'^ and, analogously, B'^ decompose into the direct 
sums of n-dimensional matrices: 

A" = A^©---©A^, B'^ =B^©---©B^, (25) 

in which every A"" has size di x ■ ■ ■ x di and every BJ has size dim Vj x ■ ■ ■ x 
dim Vj. 

We prove fl?Il) using induction in n. 

Base of induction: n = 3. The 3-dimensional matrices A'^ and B'^ can be 
given by the sequences of m-hj-m matrices 

/|cr _ I a -im Aa _ l a "im 

^1 ~ l"'ijlii,j=l 5 • • • 5 ~ ["■ijrnii,j=li 

JDCF im per \rjj ]m 

-°1 ~ V-'ijl\i,j=l 5 • • • 5 -Dm ~ rijm\i,j=n 

we call these matrices the layers of A"" and B'^. The equality fl23|) takes the 
form 

F'^ixi, X2, Xs) = [xif{A1x^3 + ■■■ + A>„3) [X2] (26) 

for all xi,X2,X3 G U and their coordinate vectors [xi] = {xu, . . . , Xmi)'^ in the 
basis Ml, ... , Um- Put 



By 



and so 



HI := Alcn + ■ ■ ■ + A^Cmi 



K'j'k' - X^(«i'jlClfc' H \- aijm(^mk')Cii'Cjj', 



(27) 



= C^H^C , . . . , = (28) 
Partition {1, . . . , m} into the subsets 

Ji = {1, . . . , di}, J2 = {rfi + 1, . . . , + ^2}, . . . (29) 
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(see fll7p ). By 0251) . if A; G for some g, then the k^^ layer of A°" has the 
form 

^fc = Odi © ■ ■ ■ © Od,_, © © Od,+, © ■ ■ ■ © Orf,, (30) 

in which is dq-hj-dq. So by fl27|) and since all diagonal blocks of the matrix 
( !20|) are the identity matrices, 

^fe =I]^rcifc©---© J2 A^Cik®Al® J2 A"c.fc©---©J]v4^c,fc. (31) 
We may suppose that 

m m 
0-G53 i=l o-eSs i=l 

otherwise we interchange the direct sums in f|T5l) . By fl30|) and fl28l) . 

5^ 5^ rank ^ rank H^; (33) 

Let us fix distinct p and g and prove that Cpq = in (120]) . Due to fl5T]) . 
(IMI), and ([30D, 

ykelq-. ^A^Qfc = 0. (34) 

Replacing in this sum each A" by the basis vector Ui, we define 

M := ^MiQfc e f/p. (35) 

Since 

[u] = (0, . . . , 0, Cd+i,k, Cd+dp,k, 0, . . . , 0)'^, d:= di-\ h dp_i, 

by fl2B]) and flMl) we have F"{x,y,u) = for all x,y E Up. This equality 
holds for all substitutions a G 5*3, hence 

F(m, X, y) = F{x, u, y) = F{x, y, u) = 0, (36) 

and so F\u]K is a zero direct summand of Fp = F\Up. Since Fp is indecom- 
posable, u = 0; that is, q+i,a: = ■ ■ ■ = Cd+dp,k = 0. These equalities hold for 
all k Elq, hence Cpq = 0. This proves fl^T]) for n = 3. 
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Induction step. Let n ^ 4 and assume that fl2ip holds for all {n — l)-linear 
forms. 

The ra-dimensional matrices A*^ and B°" can be given by the sequences of 
(n — l)-dimensional matrices 



By (121, 



4°" — r<i°" 1"^ A'^ — \n'^ 1"^ 

^1 L"'j...jlJi,...,j=l ' • • • ' [^i...jm\i,...,j=li 

JDU \t,<J ]m rya [Lcr Im, 

-'-'l ~ ["i...jl\i,...,j=l 5 • • • 5 -^m ~ ri...jm\i,...,j=l- 



^i'...j'm ~ ^ ] + ' ' ' + '^i...jm^mm)Cii' ' ' ' Cjj' 



(37) 



Due to ( l25l) and analogous to ( 130|) . each with k &2q (see ( l29l) ) is a direct 
sum of di X ■ ■ ■ X c?]^ , . . . , dg X ■ ■ ■ X ds matrices, and only the g*^ summand 

may be nonzero. This implies (13T|) for each and for defined in (l27|l . 

For each (n — l)-linear form G, denote by s{G) the number of nonzero 
summands in a decomposition of G into a direct sum of indecomposable 
forms; this number is uniquely determined by G due to induction hypothesis. 
Put s{M) := s{G) if G is given by an (ra — l)-dimensional matrix M. By fl37|) . 
the set of (n — l)-linear forms given by {n — l)-dimensional matrices fl27|) is 
congruent to the set of {n — l)-linear forms given by B^, . . . , B!^. Hence 

s{H^) = s{B'[) , s(i/^) = .(5;;). (38) 

We suppose that 

m m 

aGSn k=l (t£S„ k=l 

otherwise we interchange the direct sums in (ITSl) . Then by (138!) 

m m 

EE^™- (39) 

(j(zSn k = l udSn k=l 



Let us fix distinct p and q and prove that C„g = in fl20|) . By ([31 



^ik 
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for each A; G Xg. Combining it with fl39l) . we have 

for each k G Iq. Define u by (155]) . As in (15^ . we obtain 

X, . . . , y) = «,...,?/) = ■■■ = F{x, ...,y,u) = 

for all X, . . . G Up and so F|mK is a zero direct summand of Fp = F\Up. 
Since Fp is indecomposable, m = 0; so Cpg = 0. This proves (1^ for n > 3. □ 

Remark 10. Theorem [9]^b) does not hold for bilinear forms: for example, 
the matrix of scalar product is the identity in each orthonormal basis of a 
Euclidean space. This distinction between bilinear and n-linear forms with 
n ^ 3 may be explained by the fact that decomposable bilinear forms are 
more frequent. Let us consider forms in a two-dimensional vector space. To 
decompose a bilinear form, we must make zero two entries in its 2 x 2 matrix. 
To decompose a trilinear form, we must make zero six entries in its 2 x 2 x 2 
matrix. In both the cases, these zeros are made by transition matrices, which 
have four entries. 

Corollary 11. Let F: U x ■ ■ ■ x U ^ K. be an n-linear form with n ^ 3 over 
a field K. If 

F = Fi © ■ ■ ■ © © (40) 

and the summands Fi,...,Fs are nonzero and indecomposable, then these 
summands are determined by F uniquely up to congruence. Moreover, if 
U = Ui (B ■ ■ ■ (B Us (B Uq is the corresponding decomposition of U, then the 
sequence of subspaces 

Ui + Uo, Us + Uo, Uo (41) 
is determined by F uniquely up to permutations of Ui + Uq, . . . ,Us + Uq- 

Proof of Theorem\^b). For n = 2 this theorem was proved in [6l Section 2.1] 
(and was extended to arbitrary systems of forms and linear mappings in [6l 
Theorem 2] ) . For n ^ 3 this theorem follows from Theorem [3] and Corollary 

m □ 
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